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A b s t r a c t  
 

T h is p ap er  is f oc u sed  on  p r obl em of  an al y sis of  p ar al l el  d isc r ete sy stems,  
w h ic h  c an  be d esc r ibed  by  Petr i n ets.  T h e g en er al  an al y sis ap p r oac h  
c on sid er ed  in  th e p ap er  is op timal  simu l ation ,  al l ow in g  c h ec k in g  p r op er ties 
of  th e sy stem by  c on str u c tin g  r ed u c ed  state sp ac es.  T w o w el l -k n ow n  
meth od s of  su c h  an al y sis ar e based  on  p er sisten t sets an d  c on c u r r en t 
simu l ation ,  c or r esp on d in g l y .  H er e w e d isc u ss p ossibil ity  of  c ombin ation  
betw een  th ose meth od s an d  d esc r ibe an  al g or ith m u sin g  both  id eas.  
C ombin ation  w ith  d ec omp osition  ap p r oac h  is al so d isc u ssed .  
 
K e y w o r d s :  p ar al l el  d isc r ete sy stems,  Petr i n ets,  simu l ation ,  state ex p l or ation .  
 
Ana l iz a  w s p ó ł b ież ny c h  s y s tem ó w   
dy s k retny c h :  u p a rte z b io ry   
i s y m u l a c j a  w s p ó ł b ież na  

 
S t r e s z c z e n i e  

 
T ematem p r ac y  j est p r obl em an al iz y  w sp ół bież n y c h  sy stemów  
d y sk r etn y c h ,  k tór e mog ą  by ć  op isan e siec iami Petr ieg o.  O g ól n y m 
p od ej ś c iem d o an al iz y ,  omaw ian y m w  ar ty k u l e,  j est sy mu l ac j a op ty mal n a,  
k tór a p oz w al a sp r aw d z ać  w ł aś c iw oś c i siec i p op r z ez  k on str u ow an ie 
z r ed u k ow an ej  p r z estr z en i osią g al n oś c i.  D w ie z n an e metod y  tak iej  an al iz y  
baz u j ą  n a tak  z w an y c h  „ u p ar ty c h  z bior ac h ”  or az  n a w sp ół bież n ej  
sy mu l ac j i.  W  p r ac y  p r z ed staw ion o w y k or z y stan ie ty c h  id ei w  r amac h  
j ed n ej  metod y .  O mów ion e są  też  moż l iw oś c i i z al ety  p oł ą c z en ia tak iej  
metod y  z  w y k or z y stan iem d ek omp oz y c j i.  
 
S ł o w a  k l u c z o w e :  w sp ół bież n e sy stemy  d y sk r etn e,  siec i Petr ieg o,  
sy mu l ac j a,  ek sp l or ac j a stan ów .  
 
1 .  Intro du c tio n 
 

T he basic  mod el of  d ig it al d ev ic e,  u sed  in t heor y  of  au t omat a and  
pr ac t ic e of  d ig it al d esig n,  is F init e S t at e M ac hine.  H ow ev er ,  v er y  
of t en d esig n of  d isc r et e sy st ems,  in par t ic u lar  c ont r ol sy st ems,  
r eq u ir es g ener aliz at ion of  au t omat a d esc r ipt ion allow ing  par allelism.  
T her e ar e t w o main w ay s of  par allel au t omat a d esc r ipt ion;  one is 
based  on F S M  net w or k s,  anot her  – on P et r i net s.   

P et r i net s [ 8 ]  ar e a f or mal mod el d esc r ibing  par allel asy nc hr onou s 
d isc r et e sy st ems.  P et r i net s ar e u sed  in mod eling  and  d esig n of  
d ig it al d ev ic es,  espec ially  log ic  c ont r oller s.  T her e ex ist  sev er al 
lang u ag es f or  spec if ic at ion of  c ont r ol alg or it hms,  based  on P et r i net s 
f or malism.  

A naly sis and  v er if ic at ion of  par allel sy st ems su c h as P et r i net s is 
mu c h mor e c omplex  t ask ,  t han analog ou s t ask s f or  pu r e seq u ent ial 
d esc r ipt ions.  I t  is c au sed  by  t he f ac t  t hat  nu mber  of  r eac hable g lobal 
st at es of  a par allel sy st em d epend s ex ponent ially  on it s siz e ( t he 
st at e ex plosion pr oblem) ,  so d ir ec t  manag ing  of  su c h sy st em’ s st at e 
spac e of t en t u r ns t o be pr ac t ic ally  impossible.  O n t he ot her  hand ,  f or  
t he par allel sy st ems t her e ex ist  su c h analy sis t ask s w hic h d o not  
ex ist  f or  t he seq u ent ial sy st ems.   

T her e ar e mu lt iple met hod s and  alg or it hms of  analy sis of  par allel 
sy st ems.  S ome of  t hem av oid  st at e ex plor at ion at  all;  some ot her s 

r ed u c e it ,  sear c hing  only  a par t  of  st at e spac e [ 3 ] .  T her e ar e t w o 
main appr oac hes t o r ed u c ed  st at e spac e c onst r u c t ion.  O ne is based  
on selec t ing  at  eac h st ep of  simu lat ion a su bset  of  possible ( ac t iv e)  
t r ansit ions t o be simu lat ed ;  it  is g ener ally  k now n as pers is ten t s et 
m eth od  [ 1 0 ] ,  it s most  elabor at e t ec hniq u e is s tu b b orn  s et m eth od  [ 9 ] .  
A not her  one is based  on t he id ea of  c onc u r r ent  simu lat ion of  ac t iv e 
t r ansit ions [ 4 ,  5 ] .  O t her  k now n appr oac hes ar e list ed  in [ 3 ] .  

E ac h of  t he ment ioned  appr oac hes has r emar k able ad v ant ag es.  I s 
it  possible,  how ev er ,  t o c ombine t hose ad v ant ag es w it hin one 
met hod ?  D ir ec t  c ombinat ion of  t hose t w o appr oac hes seems t o be 
impossible,  bec au se t he main id eas ar e almost  opposit e:  g ener ally ,  if  
t w o non-c onf lic t ing  t r ansit ions ar e simu lt aneou sly  enabled ,  t he f ir st  
w ay  su pposes t hat  t heir  f ir ing  w ill be simu lat ed  one-by -one,  and  t he 
sec ond  – simu lt aneou sly .  

B u t  t he max imal c onc u r r ent  simu lat ion appr oac h is not  
su f f ic ient ly  ex pr essiv e [ 4 ,  5 ] ;  f or  ex ample,  it  is easy  t o show ,  t hat ,  
being  d ir ec t ly  applied ,  it  may  f ail t o d et ec t  some d ead loc k s.  S o,  
may be t he c onc u r r ent  simu lat ion appr oac h c an be impr ov ed  by  t he 
id ea of  per sist ent  set s?  W e c laim t hat  t he answ er  is posit iv e.  I n [ 6 ]   
a par t ic u lar  c ase of  t his possibilit y  is pr esent ed ;  her e w e g iv e  
a g ener aliz at ion of  t he id ea d esc r ibed  t her e.  

 
2 .  P etri nets  
 

A  P et r i net  [ 8 ]  c an be pr esent ed  as a bipar t it e or ient ed  g r aph w it h 
t w o k ind s of  nod es:  pla c es  and  tra n s ition s .  P lac es and  t r ansit ions ar e 
c onnec t ed  by  ar c s.  A  m a rk in g  is an alloc at ion of  tok en s  w hic h c an 
be assig ned  t o plac es.  A lloc at ion and  nu mber  of  t ok ens in a net  c an 
c hang e by  t r ansit ion f ir ing ,  w hic h is r eg u lat ed  by  simple r u les [ 8 ] .  I n 
mod eling  and  d esig n of  d isc r et e c ont r ol sy st ems t he int er pr et ed  P et r i 
net s [ 1 ]  ar e u sed ,  being  a P et r i-net -based  mod els enhanc ed  by  t he 
element s mak ing  possible c ommu nic at ion of  t he mod el w it h t he 
ou t er  w or ld  ( c ond it ions and  ev ent s) .  T he impor t ant  pr oper t ies of  
P et r i net s ar e liv en es s  and  s a f en es s  [ 6 ] .  A  d ea d loc k  is a r eac hable 
mar k ing  in w hic h no t r ansit ion c an f ir e.  D ead loc k  d et ec t ion is one 
of  t he t heor et ic ally  and  pr ac t ic ally  impor t ant  t ask s of  analy sis of  
P et r i net s.  D et ailed  d ef init ions and  not at ions ar e not  pr esent ed  her e 
bec au se of  lac k  of  spac e;  see [ 4 ,  8 ,  1 0 ,  1 1 ] .   

I n f ig .  1  a P et r i net  is pr esent ed ,  being  a par t  of  spec if ic at ion of   
a c ont r ol alg or it hm [ 2 ] .  
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3. C o n c u r r e n t  s i m u l a t i o n  a n d  p e r s i s t e n t  s e t s  
 

The next affirmations present a possibility of uniting of the 
mentioned approac hes. 

 
Lemma 1. L et M be a global state,  Mt1M1t2M2 ... tnMn be  

a seq uenc e in the reac hability graph,  t is a transition enabled in all 
the states MM1...Mn,  and there is no suc h transition ti in the 
seq uenc e that •ti∩ti•∩•t ≠ ∅. Then the seq uenc e tt1t2...tn is enabled 
at M and leads to the same marking M’  as the seq uenc e t1t2 ... tnt. 
P r o o f . The effec t of the firing of a transition at a marking is an 

addition of an integer v alued v ec tor to this marking. V ec tor 
addition is c ommutativ e,  so if tw o seq uenc es of transition firing 
are enabled at the same state and differ only in order of the 
transitions,  the resulting marking is the same. S o,  it is enough to 
prov e that the seq uenc e tt1t2 ... tn is enabled at M.  

The proof proc eeds by induc tion on n. L et n= 1. S uppose that t 
disables t1. Then t and t1 share an input plac e p,  w hic h has 1  token 
at M. B ut as far as t1 does not disable t ,  p∈t1• ,  w hic h c ontradic ts 
the assumption •ti∩ti•∩•t ≠ ∅. S o,  t and t1 do not disable eac h 
other,  and for n= 1 the lemma holds. 

N ow ,  assume that the lemma holds for ev ery seq uenc e of length 
( n-1)> 0 ,  and let us prov e that it holds for a seq uenc e of length n. 
A c c ording to the induc tiv e hypothesis,  seq uenc e tt1t2...tn-1 is 
enabled at M. I t leads to the same state M’  as t1t2...tn-1t. F iring of t 
at Mn-1 does not disable tn,  w hic h follow s from the same proof as 
at the first step of induc tion. H enc e the seq uenc e Mt1t2...tn-1ttM’ ’  
exists. F rom the abov e also the seq uenc e Mt1t2...tn-1ttM’ ’ tnM’  
exists,  so the lemma holds for n. This together w ith the induc tiv e 
hypothesis prov es the lemma. 
 
Th eo r em 1. L et P N  =  ( P , T, F , M0) be a P etri net,  let U =  ( TP1,  

TP2,  ... TPn) be a set of non-intersec ting persistent sets at M0. 
S imulate at M0 ev ery step Ak =  { t1k ,  t2k ,  ...,  tnk} suc h that tik∈TPi. 
Repeat the operation for ev ery new ly obtained marking. E v ery 
deadloc k reac hable from M0 in P N  w ill be reac hed by suc h searc h. 
P r o o f . L et D be a reac hable deadloc k. F rom Theorem 4  in [ 1 0 ] ,  

there is a seq uenc e M0 t1t2...t m  D in the reduc ed reac hability graph 
( RRG )  c reated w ith the persistent set approac h ( also if at ev ery 
step TP∈U ) . A s far as no transition is enabled at D and no 
transition outside a persistent set c an disable a transition in the 
persistent set,  for ev ery TPi∈U there is a transition ti belonging to 
the seq uenc e,  suc h that all the prev ious transitions in the seq uenc e 
are independent in respec t of it;  all suc h transitions ( belonging to 
different persistent sets)  are mutually independent. F rom L emma 
1 ,  ev ery suc h transition c an be mov ed to the beginning of the 
seq uenc e,  and the seq uenc e w ill remain enabled and w ill lead to 
the same marking. Then there exists ( in the full reac hability graph,  
but also,  as it is easy to show ,  in an RRG )  a seq uenc e 
M0t1‘t2‘...tn‘M1σD being an interleav ing of M0 t1t2...t m  D ,  suc h that 
there is step A1 = { t1‘ ,  t2‘,  ... tn‘} ,  w hic h w ill be simulated at M0. S o,  
M0A1M1. I f M1 ≠ D ,  repeat for the seq uenc e M1σD the same 
reasoning,  as w as applied abov e to M0 t1t2...t m  D. |σ|< m ,  henc e D 
w ill be reac hed in a finite number of steps. 
 

4 . D e s c r i p t i o n  o f  t h e  p r o p o s e d  m e t h o d  
 

The proposed approac h c an be implemented in the next 
algorithm,  w hic h c onstruc ts an RRG  for giv en P etri net 
P N = ( P , T, F , M0). 
 
Al g o r i th m 1 

1 . I ntroduc e the initial marking M0 as a node and tag it 
" new " . 

2 . W hile " new "  markings exist,  do the follow ing:  
a. S elec t a new  marking M. Q : = ∅ ,  R : = ∅ ,  

i : = 0 . W hile enab l ed ( M) \ ( Q ∪ R  ) ≠ ∅ ,  do 
the next. 

i. i : = i + 1. S elec t ti ∈ ( enab l ed ( M) \ 
( Q ∪ R  )). 

ii. C alc ulate T S i suc h that ti ∈ T S i. I f 
T S i ∩ Q  ≠ ∅ ,  then R : = R ∪ { ti} and 
i : = i -1;  else Q : =  Q ∪T S i. 

b. F or j = 1...i :  TPi : =  T S i ∩ enab l ed ( M). 
c . L et A be the set of all steps Ak =  { t1k ,  t2k ,  ...,  

tnk} suc h that $  tik ∈ TPi. 
d. F or ev ery pair of transitions t ,  t'  suc h that 

t∈Ak∈A ,  and t and t'  are independent at M :  
Ak : =  Ak ∪ { t' }. 

e. F or ev ery Ak∈A :  
i. O btain the marking M'  suc h that 

MAkM' . 
ii. I ntroduc e M'  as a node,  introduc e 

an arc  w ith label Ak from M to M' ,  
and tag M'  " new " . 

f. Remov e label " new "  from M. 
 
I t follow s from Theorem 1 ,  that the reac hability graph generated 

by A lgorithm 1  c ontains all the reac hable deadloc ks of the net. 
E xamples of applying A lgorithm 1  to the P etri nets see in F ig. 2 ,  3 . 
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F i g .  2 .   G r ap h s  o f  co n cur r e n t  s i m ulat i o n  o f  t h e  b i g g e s t  co n n e ct e d  co m p o n e n t  o f  t h e  

n e t  s h o w n  i n  F i g .  3 a,  acco r d i n g  t o  O P T  ( a)  an d  A lg o r i t h m  1  ( b )  
R y s .  2 .   G r af y  w s p ó ł b i e ż n e j  s y m ulacj i  n aj w i ę k s z e j  s p ó j n e j  k o m p o n e n t y  s i e ci ,  

p o k az an e j  n a r y s .  3 a - w g .  O P T  ( a)  i  alg o r y t m u 1  ( b )  
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F i g .  3 .   A  P e t r i  n e t  ( F i g .  1 . 2  f r o m  [ 4 ] )  ( a) ,  g r ap h  o f  co n cur r e n t  s i m ulat i o n  acco r d i n g  

t o  A lg o r i t h m  ( b )  an d  g r ap h  o f  co n cur r e n t  s i m ulat i o n  O P T  ( c)  
R y s .  3 .   S i e ć  P e t r i e g o  ( r y s .  1 . 2  z  [ 4 ] )  ( a) ,  g r af  w s p ó ł b i e ż n e j  s y m ulacj i  w g .  alg o r y t m u 

1  ( b )  i  g r af  w s p ó ł b i e ż n e j  s y m ulacj i  O P T  ( c)  
 
I t is interesting to c ompare A lgorithm 1  w ith the method of 

c onc urrent simulation by R. J anic ki i M . K outny,  w hic h is 
desc ribed by its authors as th e optimal simulation ( O P T)  [ 4 ] .  
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Example s  of  t he  g raphs  g e ne rat e d b y O P T  are  s hown in F ig . 2 a,  
3 c . I n s ome  c as e s  t he  g raphs  c re at e d wit h t hos e  me t hods  are  
ide nt ic al ( as  in F ig . 4 ) . 
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F i g .  4 .   A P e t r i  n e t  ( F i g .  2 . 1  f r o m  [ 4 ] )  a n d  g r a p h  o f  c o n c u r r e n t  s i m u l a t i o n  
R y s .  4 .   S i e ć  P e t r i e g o  ( r y s .  2 . 1  z  [ 4 ] )  i  g r a f  w s p ó ł b i e ż n e j  s y m u l a c j i  

 
T he re  are  t he  ne xt  e s s e nt ial dif f e re nc e s  b e t we e n A lg orit hm 1  

and O P T . 
• G e ne rally O P T  g e ne rat e s  s hort e r f iring  s e q ue nc e s ,  b ut  

A lg orit hm 1  s imulat e s  le s s  numb e r of  t rans it ion f iring s . 
• O P T  is  de f ine d only f or t he  s t at e  mac hine  de c ompos ab le  ( S M D )  

ne t s  [ 4 ] ,  A lg orit hm 1  works  f or any ordinary P e t ri ne t . 
• I n g e ne ral c as e  in re ac hab ilit y g raph g e ne rat e d b y O P T  t he re  

may b e  dif f e re nt  node s  f or t he  s ame  marking s . A lg orit hm 1  
f ollows  t he  pat t e rn of  t he  alg orit hm of  f ull re ac hab ilit y g raph 
g e ne rat ion [ 8 ] ,  and it  c ons t ruc t s  t he  g raph in whic h not  more  
t han one  node  c orre s ponds  a marking .  

 

5. A l t e r n a t i v e  b r a n c h i n g ,  s t a t e  e x p l o s i o n  a n d  
d e c o m p o s i t i o n  

 
C onc urre nt  s imulat ion c annot  av oid s t at e  e xplos ion in c as e  of  

ne t s  wit h many alt e rnat iv e  b ranc hing s ,  b e c aus e  s uc h s imulat ion 
would re q uire  c he c king  of  all t he  mut ual c omb inat ions  of  
alt e rnat iv e  v ariant s  in all t he  paralle l b ranc he s . C ons ide r a ne t  wit h 
r paralle l b ranc he s ,  e ac h c ons is t ing  of  n alt e rnat iv e  b ranc he s  of  
le ng t h q. T he n c omple t e  re ac hab ilit y g raph would c ons is t  of  ( nq) r 
node s ,  R R G  wit h maximal c onc urre nt  s imulat ion – of  nrq node s ,  
and R R G  c re at e d b y s t ub b orn s e t  me t hod - of  nqr node s . T hat  
me ans  t hat  c omparat iv e  e f f e c t iv e ne s s  of  t hos e  me t hods  doe s  not  
de pe nd on t he  le ng t h of  b ranc he s  b ut  doe s  de pe nd on t he  e xt e nt  of  
alt e rnat iv e  b ranc hing . 

B ut  t his  prob le m s e e ms  t o b e  in c e rt ain re s pe c t  s imilar t o t he  
prob le m of  av oiding  int e rle av ing . D if f e re nt  orde ring  of  
inde pe nde nt  t rans it ions  f iring  le ads  t o t he  s ame  re s ult ,  s o why 
c ons ide r all t he  mut ual c omb inat ions ?  T hat  is  t he  b ac kg round of  
pe rs is t e nt  s e t  approac h. O n t he  ot he r hand,  s ome t ime s  t he  f inal 
re s ult  ( i.e . a de adloc k)  doe s  not  de pe nd on t he  alt e rnat iv e  c hoic e s  
in t he  paralle l b ranc he s  of  a s ys t e m. I n t he  t e rms  of  b loc ks  as  
de f ine d in [ 1 1 ] ,  it  c an b e  f ormulat e d as  f ollows :  t he  c hoic e s  made  
ins ide  t he  b loc ks  af f e c t  t he  b e hav ior of  t he  re s t  of  t he  s ys t e m only 
t hroug h t he  t e rminal s t at e s  of  t he  b loc ks . C hoic e s  made  ins ide  t he  
paralle l b loc ks  are  import ant  f or t he  g lob al b e hav ior,  only if  t he y 
le ad t o dif f e re nt  c omb inat ions  of  s t at e s  of  out put  pole s . W hy t he n 
we  s hould c ons ide r all mut ual c omb inat ions  of  t hos e  c hoic e s ?  

T he  ne t  in F ig . 1  has  3  paralle l b ranc he s ,  e ac h of  whic h c ons is t s  
of  2  alt e rnat iv e  b ranc he s ,  b e g inning  and e nding  up at  t he  s ame  
plac e . S uc h t w o -p o l e  b l o c k s  are  t ypic al f or s t ruc t ure s  of  c ont rol 
and c omput at ional alg orit hms  [ 1 2 ] . T he  c onc urre nt  s imulat ion 
approac h,  as  it  has  b e e n de s c rib e d s o f ar,  would c he c k 2 x3 = 6  
v ariant s  of  e xe c ut ion,  b ut  t he re  is  only one  re ac hab le  de adloc k,  
and int uit iv e ly it  s e e ms  t o b e  c le ar,  t hat  t he re  is  no s e ns e  t o c he c k 
all t hos e  v ariant s . 

T he  ide a of  b loc ks  and b loc k de c ompos it ion t og e t he r wit h t he  
ide a of  c onc urre nt  s imulat ion allows  de v e loping  analys is  me t hod 

e xc luding  s uc h c he c king . T he  f irs t  at t e mpt  t o c re at e  s uc h me t hod 
is  pre s e nt e d in [ 7 ]  ( t his  v ariant  doe s  not  us e  t he  pe rs is t e nt  s e t  
approac h dire c t ly) ;  de e pe r re s e arc h in t his  dire c t ion is   
a pros pe c t iv e  t opic  of  f ut ure  work. 
 

6 . F i n a l  n o t e s  
 

I n t his  pape r we  c onc e nt rat e  on one  ( among  many ot he rs ) ,  
howe v e r v e ry import ant  in e ng ine e ring  applic at ions ,  t as k of  
analys is  of  P e t ri ne t s  – t he  t as k of  de adloc k de t e c t ion. T his  t as k is  
e s s e nt ial prac t ic ally,  b e c aus e  f or a s ys t e m t o b e  de s ig ne d it  is  
import ant  t o c he c k whe t he r and how it  c an b e  b loc ke d and 
whe t he r it  c an re ac h e v e ry s pe c if ie d t e rminal s t at e . T he  t as k is  als o 
c onv e nie nt  f or t he ore t ic al re s e arc h,  b e c aus e  it  allows  c omparing  
e as ily and in e v ide nt  way v arious  analys is  me t hods . B ut  of  c ours e ,  
ot he r analys is  t as ks  s uc h as  c he c king  of  liv e ne s s  and s af e ne s s ,  are  
als o of  g re at  import anc e . T he  de s c rib e d approac h c an b e  us e d 
( wit h s ome  modif ic at ions )  f or liv e ne s s  c he c king ;  it s  applic at ion t o 
ot he r analys is  t as ks  re q uire s  addit ional re s e arc h.  

S ummariz ing ,  we  c an s t at e ,  t hat  t he  pre s e nt e d approac h allows  
pe rf orming  c e rt ain analys is  of  paralle l s ys t e ms  b y part ial 
s imulat ion us ing  s imple r s e t s  of  f iring  s e q ue nc e s ,  t han t he  known 
me t hods . A ddit ional adv ant ag e  of  t he  approac h is  pos s ib ilit y of  it s  
paralle l imple me nt at ion ( dif f e re nt  b loc ks  of  de c ompos e d s ys t e m 
c an b e  analyz e d s imult ane ous ly. A lg orit hm 1  doe s  not  pre s e nt  t his  
pos s ib ilit y,  b e ing  pure ly s e q ue nt ial;  e xample s  of  paralle l analys is  
alg orit hm s e e  in [ 7 ] ) . S o t he  approac h s e e ms  t o b e  us e f ul f or 
v e rif ic at ion of  b ig  paralle l s ys t e ms . 
 

T he  work is  s upport e d b y P olis h S t at e  C ommit t e e  f or S c ie nt if ic  
R e s e arc h ( K B N )  g rant  №  4 T 1 1 C  0 0 6  2 4 . 
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